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1. Introduction 

Let A be an abelian category with finite Horn and Ext 1 sets. In [Tj5], Ringel constructed from A 

an associative algebra Ha, the Hall algebra, whose multiplication encodes the extension structure 

of A. There is also a natural coalgebra structure on Ha- Green [8] showed that if A is hereditary 

then, after a suitable twist, Ha is a bialgebra. Hall algebras provide realizations of a number of 

interesting algebras. When A = Kep ¥ii (Q) is the category of representations of a quiver Q over 

a finite field ¥ q , Hq contains a subalgebra isomorphic to the positive part of the quantum Kac- 

Moody algebra associated to Q, specialized at y/q [20], |S]. The Hall algebra itself is isomorphic to 

the positive part of a quantum generalized Kac- Moody algebra [2 5) whose identification remains a 

difficult problem. A second class of examples takes A to be the category of coherent sheaves on a 

smooth projective curve X defined over ¥ q . When X = P 1 the Hall algebra contains a subalgebra 

isomorphic to a positive part of the quantum affine algebra U v {s\2) [TT], while the Hall algebra of 

-<_i ■ 

■ an elliptic curve is related to Cherednik's double affine Hecke algebra |23| . 

The Hall algebra construction applies more generally to exact categories [9] . The Hall algebra 

of the category of vector bundles is an important such example. See also [7j for an example arising 

from the representation theory of quivers of local rings. The similarities between Hall algebras of 

certain exact categories and quantum nilpotent groups were recently emphasized in [3J. 

I/-) ■ The first goal of this paper is to describe an analogue of the Hall algebra construction when 
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objects of A are allowed to carry categorical non-degenerate forms. In Theorem 13.41 we associate 
to an exact category with duality A a module over Ha-, called the Hall module. The module 
structure is a categorical generalization of parabolic induction for classical groups preserving a 
non-degenerate bilinear form. Similarly, the Hall module is a 'H^-comodule. Many of the formal 
properties of Hall algebras have analogues for Hall modules. We describe a grading on the Hall 
module and use this to twist the module structure to obtain a module over the Ringel-Hall algebra. 

We study in detail Hall modules arising from the representation theory of a quiver with involu- 
tion (Q, a). From this data and a choice of signs we define an abelian category with duality whose 
underlying category is Kep ¥ ^(Q). We require q to be an odd prime power. In particular cases, 
the self-dual objects coincide with the orthogonal and symplectic representations of @]. Denote 
the corresponding Ringel-Hall module by M.q. The action and coaction of simple representations 
on M.q can be interpreted as operators of parabolic induction and restriction. Our first main 
result specific to quivers, Theorem 15.31 asserts that these operators give M.q the structure of a 
module over B a (Qo), the reduced cr-analogue of the quantum group U v {qq), specialized at y/q. 
This statement can be viewed as a partial replacement of Green's Theorem for Hall modules. Our 
proof of Theorem 15.31 is combinatorial in nature and involves counting configurations of self-dual 
extensions. In Proposition 15.91 we identify the i? cr (gQ)-submodule of Mq generated by the trivial 



self-dual representation as a weight module, giving an analogue of Ringel and Green's identifica- 
tion of the composition subalgebra of Hq with U^(qq). Our proof uses a non-degenerate bilinear 
form on Mq and a criterion of Enomoto and Kashiwara [BJ. 

In [5] , Enomoto showed that induction and restriction operators endow the Grothendieck group 
of a category of perverse sheaves on the moduli stack of orthogonal representations with the struc- 
ture of a weight module for B a {Qo). This is a geometric version of Theorem 15.31 and Proposition 
15.91 for orthogonal representations. Our proof uses entirely different methods. The existence of 
both geometric and combinatorial approaches suggests that a self-dual analogue of Lusztig's purity 
result |13j for multiplicity complexes of perverse sheaves should hold. This would provide a direct 
link between [5] and this paper. 

Restricting to finite type quivers we obtain a more complete description of Mq. Unlike ordinary 
representations, there are in general non-trivial F 9 /F 9 -forms of self-dual representations. We use 
Galois cohomology to explicitly describe all such forms and classify indecomposable self-dual ¥ q - 
representations in Proposition ^. 31 extending the results of [J] over algebraically closed fields. We 
show in Theorem 17.21 that if there are no non-trivial forms then Mq is irreducible. Together 
with Proposition [531 this completely describes finite type Hall modules without non-trivial forms. 
When non-trivial forms are present, Mq is reducible. In this case, we conjecture (Conjecture 
I7.5[) a decomposition of Mq into weight modules with generators given by weighted averages of 
Frobenius orbits of F 9 /F g -forms. We provide partial confirmation of this conjecture when Q is 
equioriented of type A. 

For finite type quivers, Ringel [2T] proved that the structure constants of Hq are specializations 
of universal polynomials with integer coefficients, the so-called Hall polynomials. In Theorem 
18.61 we show that when Q is an equioriented type A quiver without F 9 /F 9 -forms, the structure 
constants of Mq are also specializations universal polynomials with integer coefficients, which we 
call self-dual Hall polynomials. When Q has F g /F g -forms, self-dual Hall polynomials do not exist. 
However, we prove that once the residue of q modulo four is fixed, self-dual Hall polynomials exist 
and have coefficients in Z[i]. We believe these statements should hold without the equiorientation 
assumption. The splitting of self-dual Hall polynomials can be understood as a dependence of 
the structure constants of Mq on the Witt group of orthogonal forms over ¥ q . In Theorem 18.71 
we use generic Hall modules to show that the Hall module is in a certain sense insensitive to the 
splitting of self-dual Hall polynomials. 

When A is the category of finite dimensional F g [i] t _i-modules, Ha is identified with the Hopf 
algebra of class functions on all groups GL n (¥ q ) [25]. Taking F g -linear duals gives A a duality 
structure for which Ma is identified with class functions for orthogonal or symplectic groups over 
Fq. In this guise, Ma was studied in [27] (see also [2BJ for a p-adic version) where it was shown 
to be a twisted Hopf module over Ha- This can be viewed as a full analogue of Green's Theorem 
in this particular case. It would be very interesting to extend this result to more general Hall 
modules. 

The structure of the paper is as follows. Section [2J reviews the basic properties of Hall alge- 
bras of exact categories. In Section [3] we introduce the Hall module of an exact category with 
duality. Section 0] describes a duality structure on the category of representations of a quiver 
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with involution. In Section [5] we establish a partial analogue of Green's Theorem for quivers with 
involution. Section [5] classifies self-dual F 9 -representations of finite type quivers, which is used in 
Section [7] to study finite type Hall modules. Section [5] contains a proof of existence of self-dual 
Hall polynomials for equioriented type A quivers. 

Acknowledgments. The author would like to thank C. Hao for helpful comments during the prepa- 
ration of this work and M. Movshev for his insights and encouragement. This work was partially 
supported by a NSERC Postgraduate Scholarship. 

2. The Hall algebra of an exact category 

We recall the definition and basic properties of the Hall algebra of an exact or abelian category. 
For full details see [22]. [9], 

Let A be an essentially small category endowed with an exact structure in the sense of Quillen 
[17j . In particular, A is additive and is equipped with a collection £ of kernel-cokernel pairs (i, n), 
called short exact sequences and denoted by U i— > X -» V . A morphism i is an admissible monic 
if it occurs in a pair (z, 7r) £ £. Admissible epics arc defined analogously. Important examples of 
exact categories include abelian categories and their extension closed full subcategories. 

Write Iso(A) for the set of isomorphism classes of objects of A. The Grothendieck group K(A) 
is the abelian group generated by the symbols \X\, X £ Iso(A), modulo the relation \X\ — \U\ — \V\ 
for each sequence U >— > X -» V. 

Denote by v the set of all exact sequences U >— > X -» V. If for all U, V £ A the set 
Hom(U, V) is finite and £_ y V is non-empty for only finitely many X £ Iso(A), then A is called 
unitary. 

For a unitary exact category A, the Hall numbers are defined by F* v = | v \ , where 



The subobjects U are assumed to be admissible. Denoting by a(U) — \Aut(U)\, the Hall numbers 




are related to Sjjy through the equation 



,x _ \£-u,v\ 




U A = R[U}. 



U^Iso(A) 



Fix a bilinear form c : K(A) x K(A) — > Z and a unit v £ R. 



Theorem 2.1 ( |19j. [9], [8]). (1) T-La * s a unital R-algebra when given the product 



[U][V]= ^v,u) £ F x v[x] 



and unit [0], the class of the zero object of A. 



(2) T-La * s a topological counital R-coalgebra when given the coproduct 



A[X]= £ v^ a -^^FX v [U]®[V] 



U,VGlso(A) 
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and counit e[X] = 8x,o 



Both the algebra and coalgebra structures respect the natural K (A) -grading of Ha- in general, 
the coproduct A takes values in the completion Ha®Ha consisting of all formal linear combi- 
nations J2u v c u,v[U] <8> [V]. The meaning of the word topological as used above is that the 
compositions (A ® 1) o A and (1 ® A) o A are compared as maps Ha — > Ha®Ha®Ha\ see [2D- 

The algebra and coalgebra structures of Ha are compatible only under stronger assumptions on 
A. Suppose that A is abelian and, for simplicity, F 9 -linear. If A has finite homological dimension 
the Euler form is given by 

(U, V) = ]T(-l)Mim Fg Ext\U, V) 

i>0 

and descends to a form on K(A). The symmetrization of (•, •) is written (•, ■). Taking c = (•, •), 
Ha is called the Ringel-Hall algebra. 

Theorem 2.2 (Green's Theorem [5]). Let Ha be the Ringel-Hall algebra of a hereditary abelian 
category A. Equip Ha®Ha with the algebra structure given on homogeneous elements by 

{x <g> y) ■ (z <g> w) = v^ v ' z 'xz £g> yw, x, y,z,w £ Ha- 

Then A : Ha ~^ Ha®Ha * s om algebra homomorphism. 

Recall that Green defined [8] an i?-valued non-degenerate symmetric bilinear form on Ha by 
([[/], [V]) H = l^j ■ This form satisfies 

(x®y,Az) n ® n = (xy,z) n , x,y,zeHA 

where {x®y 1 x'®y') H ®H = (x,x') n (y,y') n . 

3. The Hall module of an exact category with duality 

In this section we introduce the central object of this paper, the Hall module of an exact 
category with duality. 

Definition ([2]). An exact category with duality is a triple (A, S, 0) consisting of an exact category 
A, an exact contravariant functor S : A —> A and a natural transformation : 1a —> S 2 satisfying 
S(Qu)Qs(U) = ls(tf) for all UeA. 

We often refer to A as an exact category with duality if S and are clear from the context. 

Definition. A self-dual structure on N £ A is an isomorphism N — > S(N) satisfying S(ip)®N = 
ip. The pair (TV, ip), or just N if no confusion will arise, is called a self-dual object. 

Write As for the set of self-dual objects of A. An isometry (N, ijj) —> (N' , ip') is an isomorphism 
N — > N' satisfying S'($)^'$ = ip. The equivalence relation induced by isometries is denoted by 
~5. The set of isometry classes of self-dual objects Isos{A) is an abelian monoid under the 
operation of orthogonal direct sum. 

Definition. An isotropic subobject of (N, ip) is an admissible monic U >—> N such that S(i)ipi : 
U —> S(U) is zero and the canonical morphism U ^ U := ker (S(i)ip) is admissible. 
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We write U C N to denote an isotropic subobject. An isotropic subobject is Lagrangian if 
U = U . A self-dual object possessing a Lagrangian is called metabolic. For each U G A, the 
direct sum U © S(U) has a canonical hyperbolic self-dual structure, 

®u 



H(U) = \ U®S(U), 



If U >— » iV is isotropic, denote by N//U the quotient object defined by the exact sequence 

[/ A J/- 1 -S> AT//C7. 

The next result provides a categorical generalization of linear orthogonal or symplectic reduction. 

Proposition 3.1 ( [T51 Proposition 5.2]). Let U C (N,ip). There exists a self-dual structure ijj on 
N l/U , unique up to isometry, making the following diagram commute 

U 1 - N//U 



N 



S(k)i> 

Next, we introduce a version of short exact sequences for exact categories with duality. 

Definition. For U G A, M,N G ,4s, let Q^j M be the set of all equivalence classes of exact 
commutative diagrams of the form 

j 



U 



E 



U 



N 



» M 

Y 

S(E) 
S(j) 



S{U) = S(U) 

Two diagrams are equivalent if there exists an isomorphism E 
diagrams commute. 



E' making all appropriate 



Elements of Q_}} M are called self-dual exact sequences and are denoted by U >— » N --» M. 
Let A be a finitary exact category with duality. For U G A and M, N G As define a finite set 



G 



N 

U,M 



U c N I U ~ U, N//U 



M 



The numbers G% M = \G^ M \ are called self-dual Hall numbers. Denote by Aut${M) the group 
of self-isometries of Me .As and put as(M) = \Auts(M)\. Also put QfJ M = \G^ M \- 



gN 

Lemma 3.2. The identity G? ; M — — — — — — r- 

a{U)a s {M) 



holds. 



Proof. The group Aut(U) x Aut s (M) acts on £^ M by 

(g, h) ■ {E; ij, k, tt) = {E; ifl -1 , iff -1 , *, hn), (g, h) G Aut(U) x Aut s {M). 

If (g,h) fixes (E;i,j,k,ir), then g = Ijj and fcr = k, gir = irr for some r G Aut^). The first 
equation implies r = 1e while the second implies g — 1m- Hence the action is free. 



The map Q% M -> G§ 

m assigning to (E; i,j, k, tt) the image of i in N is Aut(U) x Auts(M)- 
invariant and induces a bijection 0}j M /Aut(U) x Aiii,s(M) — > Gjj M . □ 

Self-dual Hall numbers obey the following finite support condition that can be viewed as a 
self-dual analogue of i?xt 1 -finiteness. 

Lemma 3.3. For fixed U G A, M G As, GLu M is non-empty for only finitely many N € Isos(A). 
Proof. If Gy M is non-empty, then iV fits into the diagram of exact sequences 

E > — > ./V -» S(f/) 

J7 > — > E — » M 

By iJx^-fmiteness, only finitely many isomorphism types of E, and hence N, may appear. By 
_ffom-finitcness, TV admits at most finitely many self-dual structures and the statement follows. □ 

We now define the Hall module M.a associated to (A, S, Q). Set c = 0. 

Theorem 3.4. (1) M A = @ R[M] is a %A-module when given the action 

Melsos(A) 

[U]*[M}= E G u,ui N l 

N el sos (A) 

(2) Ma * s a topological Ji^-comodule when given the comodule structure map 

Uelso(A) Melsos(A) ' 

Proof. The associativity of the action of Ha on M^. is equivalent to the identity 

E F uy G w,M= E g u,p g v,m> l/^eAM.JVeis, (1) 

weiso(A) Peisos(A) 
Interpreting this in terms of isotropic nitrations, equation (fTJ) is equivalent to the statement that, 
for fixed U C N, the assignment V i-> V/U gives a bijection 

V CN\U cv\ < — > <JV C N//U 

such that (N//U)//(V/U) ~ s N//V. To prove this, we first observe that the assignment V i-> F/C/ 
gives a bijection {V C U \ U C U} -f-> {U C N//U}. Using the following commutative diagram 

TV » S(U^-*) — » S(V ± ) » 5(V) 



C7-L » AT//[/ -» S(V ± /U) -» S{V/U) 



V 1 - » V ± /?7 — » N//V 



V » 
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we conclude that V/U C N//U is isotropic if and only if V C N is isotropic. Hence the desired 
bijection holds. 

Next, we claim that (V/U) 1 - C N//U is naturally identified with V^/U. Indeed, the previous 
diagram implies V/U >— > (V/U) . Moreover, this map is surjective since the canonical map 
V 1 - — > (V/U) is surjective. Hence (N//U)//(V/U) ~ N//V. Moreover, this isomorphism is an 
isometry, as can be seen by considering the three nested central squares in the diagram, presenting 
N//U, N//V and (N//V)//(V/U) as self-dual reductions. This proves the first statement. 

As for the second statement, we must show that the maps 

(l(gip)op, (A (g) 1) o p : Ma -> W.a®'Ha®Ma 

are comparable, the completions again consisting of all formal linear combinations. The terms 
contributing to the coefficient of [U±] <g> [Us] ® [M] in (1 ® p) o p are of the form [U-\] ® [N] with 
N//U2 —s M ■ By Lemma 13.31 the number of such terms is finite. Similarly, the number of terms 
contributing to [U±] ® [U2) <E> [M] in (A ® 1) ° p is finite. A direct calculation now shows that the 
second statement follows from equation |T]). □ 

The next result will be very important below. Its proof is a direct calculation. 

Lemma 3.5. The R-valued bilinear form on Ma given by ([M], [N])m — as(M) * s non ~ degenerate 
and satisfies 

(x ® f, p(Q)u®M = (x*€X)m, x g H A , £,( e M A 
where (x ® £, x' ® £)n®M = (x, x') H (£,, £') M ■ 

Example. Let X smooth projective scheme defined over ¥ q and let Vectx be the exact category of 
vector bundles on X . Fix a line bundle C — > X and define S : Vectx — > Vectx by S(V) = V v <E)o x 
C with V v = Homo x (V,Ox)- Let 8y : V ^> V vv be the standard evaluation isomorphism. 
Then (Vectx, S, ±0) is a finitary exact category with duality to which we associate a module 
■Mvectx over T-Lvectx- When X is a curve, Hvect x is identified with the space of automorphic 
forms for all groups GL n over the function field ¥ q (X) with (co) multiplication given by parabolic 
pseudo-Eisenstein induction (restriction) Following this interpretation, Mvect x IS identified 
with the space of (£-twisted) automorphic forms for symplectic or orthogonal groups. The algebra 
embedding Hvect x C Hcoh x leads to a Hall algebraic interpretation of Hecke operators on Hvect x 
[11] . As the duality S does not extend to Cohx, it does not appear that Heckc operators on 
■Mvect x can be seen from this viewpoint. < 

We continue to denote by A an exact category with duality. 

Definition ([16] . [2]). (1) The Witt group W(A) is the abelian monoid Isos(A) modulo the sub- 
monoid of metabolic objects. 

(2) The Grothendieck-Witt group GW(A) is the Grothendieck group of Isos(A) modulo the rela- 
tion \N\ r*> \H(U)\ if U C N is Lagrangian. 

Example. The classical Witt group arises from the previous example with X — Spec(F g ) and 

the choice of positive sign. It is isomorphic to Z 2 x Z 2 if — 1 is a quadratic residue in ¥ q , and Z4 
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otherwise. Denote by xf, x± £ W the classes of the one dimensional orthogonal spaces with deter- 
minant one and a non-square and by x J , x~^ the classes of the split and non-split two dimensional 
orthogonal spaces. 



The assignment U H> H(U) extends to a group morphism K{A) ^> GW(A), which makes 
GW{A) a representation of K{A). In GW(A), the identity \N\ = \N//U\ + \H{U)\ holds. It 
follows that the natural decomposition of i?-modules 

M A = M A (7), 

jGGW(A) 

with A4a(i) spanned by elements of class 7 £ GW(A), makes M.a into a GW (A)-gra,ded 
(co)module via H. That is, for all a £ K(A) and 7,(5 £ GW(A), 

HA(a)*MA(l)cM A (H(a)+j), p(M A (5)) C ^(a)®X^( 7 ). 

ff(a)+7=« 

Proposition 3.6. A^^i is a direct sum of HA-(co)modules indexed by W(A). 

Proof. This follows at once from the exact sequence of abelian groups [TS] 

K(A) ^ GW(A) -> -> 0. 

□ 

In particular, if W(^4) is non-trivial then is reducible. 

Fix a form c twisting the Hall algebra multiplication and let c : GW(A) x if (-4) — > Z be a 
function satisfying, for all a, [3 £ K{A) and 7 € GW(_4), 

c(/3, a) + c( 7) a + /3) = c( 7 , /?) + 5(7 + #(/?),<*)■ (2) 
This relation guarantees that the twisted action 

NeIso s {A) 

defines a module for the c-twisted Hall algebra. A similar formula defines a twisted comodule. 

We will use single type of twist of the Hall module in this paper. To describe it, suppose that 
A is k- linear and for each p — ±1 define 

Exi l {S(U),Tjy s = £ Ex?(S(U),U) I S(0 =p0^} . 

Proposition 3.7. Let k be field with characteristic different from two and let A be a k-linear 
abelian category with duality of finite homological dimension. The function £ : Iso(A) — > Z given 
by 

£{U) = ^(-l)' dim fc Ext l (S(U), U)(- iy+ls 

i>0 

descends to a function on K(A). 

Proof. Given a short exact sequence U >— > W -» V there is a corresponding dual exact sequence 
S(V) >— > S(W) -» S(U). Applying Horn functors to these sequences gives six long exact sequences 
fitting into the diagram 



Hom(S(U),U) 

1 

Hom(S(W),U) 



■ Hom(S(U),W) 

=1 

Hom(S(W),W) 



Hom(S(U),V) 



1 

Hom(S(W),V) 



I 

Hom(S(V),U) 



=t 

Hom(S(V),W) 



1 

Hom(S{V), V) 



1 

Ext 1 {S{U),U) - 

I 

■ Ext 1 {S{W),U) 
I 

i 



=rt 

• Sac* 1 (£(?/), W) ■ 

-i 

Ext 1 {S{W),W) 

-I 

■ Ext 1 {S{V),W) ■ 
I 



1 

• Ext l {S{U),V) 

I 

Ext 1 {S{W),V) 

I 

• Ext 1 {S{V),V) 



i 



The minus signs, indicating that negatives of the canonical maps are taken, are included to ensure 
that each square anti-commutes. We can therefore think of the diagram as a bicomplex of width 
three. The functor S induces an action of Z2 on the total complex, commuting with all differentials, 
as follows. The generator of Z 2 acts by -S on all pairs Ext i (S(A), B) © Ext i (S(B), A) with 
A ^ B, by {-l) l+1 S on Ext l {S{U),U) and Ext l {S{V),V) and by (-1)\S on Ext l {S{W), W). 
The character of the total complex, viewed as a virtual Z2-module, is zero. This implies the 
following relation between virtual dimensions of Z2-invariants 

= £(U) - (S(U), W) + (S(V), U) + ((S(W),W) - £{W)) - (S(V),W) + £{V). 

For example, the term in parentheses is equal to 



i>0 



(-l)Mim fc Ext\S(W),W) 



(-iys 



and gives the virtual dimension of the Z2-invariants of (J) i>0 (— l) z Ext t (S(W), W). We can rewrite 
the previous equality as 

£(W) = £{U) + £{V) + (S(V), U). 
The right hand side coincides with £(U V), proving the proposition. □ 

Remark 3.1. Proposition 13.71 and its proof remain valid for extension closed full subcategories 
of abelian categories. 

If c is the Euler form and c(M, U) = c(M, U) + £{U), it is directly verified that equation ^ 
holds. With these choices, Ma will be called the Ringel-Hall module. 

4. Hall modules from quivers 

In this section we describe an abelian category with duality associated to a quiver with involu- 
tion. 

Let k be an arbitrary field. A quiver consists of a finite set Qo of nodes and a finite set of arrows 

Qi, whose elements are denoted by i -H> j. A fc-representation of Q is pair (V, x) consisting of a 

Qo-graded vector space V = (Bi S Q Vi and a linear map Vi — ^> Vj for each i — > j. The dimension 

vector of V is diml^ = (dimX'i)i G Z>g. The simple representation Si attached to the node i has 

dimension vector e;. The hereditary abelian category of finite dimensional representations of Q is 
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denoted by Rep fc (Q). It is finitary if k = ¥ q . For further discussion of the representation theory 
of quivers the reader is referred to pQ. 

Let T-Lq be the Ringel-Hall algebra of Rep F<j (Q). Suppose that Q has no loops. The composition 
subalgebra is the subalgebra Cq C T-Lq generated by the simple representations [Si], Let £q be 
the symmetric Kac- Moody algebra associated to Q; its Cartan matrix is the symmetrized Euler 
form of Q. 

Theorem 4.1 f[20). [5]). Let Q be a quiver without loops. The composition subalgebra Cq is 
isomorphic to U^(qq), the positive part of the quantum group associated to qq, specialized at y/q. 

From now on we assume that the characteristic of k is not two. 

Definition. An involution of Q is a pair of involutions Qi — > Qi, i — 0,1, such that for all 
a £ Qi, h(a(a)) = a(t(a)) and if cr(t(a)) = h(a) then a (a) = a. 

Fix a cr-invariant function r : Q\ — > {±1} and a sign s £ {±1}- Define a functor S : Rep fc (Q) — > 
Rep fc (Q) by setting S(M,x) = (N,y), where 

If (M,x) A (M',x') is a morphism, then S(M') ^> S(M) has components S{f) z = f^ {iy 
Exactness of S follows from its exactness at the level of Qo-g ra ded A:-vector spaces. 

Define & : lf^ e p(Q) — > S 2 by 6m = s ■ evjvf, where evjvf : M — > M vv is the canonical evaluation 
isomorphism. Then (S, O) gives Rep fc (<5) the structure of an abelian category with duality. 

Self-dual representations have the following explicit description. A self-dual structure ip on M 
defines a non-degenerate s-symmetric bilinear form on M by (v,w) = i/j(v)(w) for which Mj and 

lb 

Mj are orthogonal unless i — cr(j). The isomorphism M — > S(M) requires that the structure 
maps x a of M satisfy 

(x a V,w) - T a (v,X a ( a )W) = 0. 

In particular, for r = — 1 the self-dual objects of Rep fc (Q) are the orthogonal (s = 1) and symplectic 
(s = — 1) representations introduced in [4], and will henceforth be referred to as such. This is the 
most important case for this paper. 

Example. When Q = •, a self-dual representation is either an orthogonal or symplectic vector 
space. < 

Example. Let Q = .— > — • with the involution that swaps the nodes. A symplectic representation 
consists of a vector space V and a symmetric linear map V ^> V w . The symplectic form on V® V y 
is induced by the canonical pairing V x V v — > k. Isometry classes of symplectic representations are 
parameterized by Sym 2 V/GL(V). For orthogonal representations, the map x is required instead 
to be skew-symmetric. < 

Example. Let Q — be the Jordan quiver. A symplectic representation consists of a symplectic 
vector space N and x € sp(N). The moduli space of 2n-dimensional symplectic representations is 
the space of adjoint orbits sp 2n /Sp2n- If instead r = 1, x £ Endk(N) must be self-adjoint. < 
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Example. For any quiver Q let Q op be the quiver obtained from Q be reversing the orientation 
of all arrows. Then Q u — Q U Q op has a canonical involution that sends a node or arrow of Q to 
the corresponding node or arrow of Q op . The assignment U n- H{U) extends to an isomorphism 
of monoids Iso(Rep(Q)) —} isos(Rep(Q u )). In particular, Isos(Rep(Q)) is independent of (s, r). 

< 

Given representations (V,v) and (W, u>), define 

A°(V,W) = HomuiV^Wi), A 1 (V, W) = Hom k (V u W 3 ). 
ieQo ^ 

There is a differential A°(V,W) 4 A X (V,W) given by 5{a,i} = {w a ai — ajv a }. The complex is 
part of the Standard Resolution 

-> ffom(V, W) -> A°(V, W) A A^V, W) -> Sjct^V, W) -> 0. 

An immediate consequence is that the Euler form depends only on the dimension vectors of its 
arguments, and is given explicitly by 

(d, d!) = did'i - did'j , d,d' e Z Qa . 

Next, we establish a useful identity involving self-dual Hall numbers of quivers. 
Proposition 4.2. For all representations U and self-dual representations M , 

qN 

E y U,M _ -(M,U)-£(U) 
a s {N) 1 

Proof. The complex A'(S(U), U) has a natural involution w, given by 

™{fi} = {sfa(i)}, ™{e a } = {sT a e^ (a) }, 

which anti-commutes with 5. The subcomplex A°(S(U), U)~™ A A 1 (S(U), U) w , denoted B'(U), 
induces the following short exact sequence 

-> Hom(S(U), U)- s -> B°(C7) A -> ExP^U), U) s -> 0. (3) 

Let C'(M,U) = A'(M,U) B'{U). Let TV be the symplectic or orthogonal vector space 
underlying the split self-dual extension J7 M © S(U). The vector space underlying any other 
self-dual extension of M by U is isometric to jV. The degree zero term C°(M,U) is naturally 
interpreted as the Lie algebra of the unipotent radical 11 of the parabolic subgroup of Isom(N) 
stabilizing the isotropic subspace U C N. To each c = {f a ,e a } <E C 1 (M, £/) there corresponds a 
self-dual representation -ZV C with structure maps, in the natural basis of N , 

(l^a fa &ot 
r a t£ (a) 

The group U acts on C 1 (M, {/) by conjugating the associated structure maps. Then g e W 
stabilizes c if and only if g <G Aut(N c ), in which case it is immediate that g € Auts(N c ) and that 
g preserves the canonical self-dual extension structure of N c . This construction defines a set map 

U Qu, M / Aut s{N)^C\M,U)/U. 

NElsos(A) 
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This map has an inverse constructed as follows. Given a self-dual exact sequence with middle 
term N, pick an isomorphism N ~ N_ of self-dual extensions of vector spaces. Use this to write 
the structure maps of N in the natural basis of N_. The difference between the structure maps 
induced by N and those of H(U) © M is an element of C 1 (M, U), and defines the inverse map. 
Moreover, under this bijection the stabilizer of a self-dual extension under isometries of its middle 
term has the same cardinality as the stabilizer of the corresponding element in C (M, U) under 
IA. Burnside's Lemma then gives 

v QS,m _ \CHM,U)\ 
^ a s (N) \U\ 

As \U\ = \C°(M, U)\, this sum is equal to q~ xlyC ( M,c/ )) and the proposition now follows from the 
Standard Resolution and the sequence ([3]). □ 

Write Qo — Qq U Qq U Qq , where Qq consists of nodes fixed by a and Qq consists of a single 
node from each a-orbit consisting of two points. The decomposition of Q\ is defined similarly. We 
can now explicitly compute the modification £ for quivers. 

Corollary 4.3. When A — Rep k {Q), £(U) depends only on u — dimf/ and is given by 

V-^ Ui(Ui-s) M-^ Ui(Ui+T a s) ^ ^ 
£ i U )= 2^ 2 ^ 2 + 2^ - 1^ U <r(i) U 3- 

ieQ o (<7(t)A*)eQf i& Qo (i-^t-j)eQt 

Proof. This follows at once from the exact sequence ([3]). □ 

5. Hall modules and quantum groups 

In this section Q is a quiver without loops. We work with Ringel-Hall algebras and modules. 
Theorems 13.41 and 14.11 have the following immediate consequence. 

Proposition 5.1. The Ringel-Hall module Mq is a representation o/L^(oq). 

The naive analogue of Green's Theorem fails for Hall modules. Namely, M.q is not a Hopf 
module, even in a braided sense, as can already be seen for A\. In this section, we describe the 
relationship between multiplication and comultiplication along simple representations. This can 
be viewed as a partial replacement of Green's Theorem. 

Let q be a symmetric Kac-Moody algebra with simple roots e,, i 6 /, root lattice $ = Ze^ 
and Cartan form (•, •). Fix an involution a of / leaving (•, •) invariant. Let Q(v) be the field of 
rational functions in an indeterminate v. 

Definition ([5]). The reduced a -analogue B a (g) is the Q(v) -algebra generated by variables Ti, T[~ , Ei 
i € I, subject to the relations 

1 , 1 1 /V/;. T i TT 1 = l, Ti = T a(i) (4) 
TiE 3 = v-te+^W'^EjTi, TiF 3 = v^ +e "^' ei) FjTi (5) 
EtFj = v^^FjEt + S itj + 5 ittrU) Ti (6) 



l-(e«,e 3 -) 

1 - (e f ,ej) 



E (-1)' 



I 
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1=0 

where 



1 (<:i,tj) 

1 J? p 1 ~( e i. e i)-' 



1 - (<^ e j) 
I 



ElEjEt-^'-^Q, i+j (7) 



! — 



i=l 



For generic t £ C, the specialization B a (o) t is defined as the Q[t, t _1 ]-algebra with the same 
generators and relations as B ij {q) 1 but with v replaced by t. 

For i S Q define Bj,i^,Tj € EucI^Mq) as follows. The induction operator is given by 

Fi[M] = [Si]*[M] 

while the restriction operator Ei projects the comodule map to the subspace [Si] ® M.q. That is, 

p{[M]) = [Si]®Ei[M\ + (j>[M\)' 

where (p[M])' is a linear combination of terms of the form [U] (§5 [N] € 'Hq <g> VWq with U ^ Si. 
The action of Ti is given by 

Ti[M] = jy( M ^)+ £ (^+ £ ^))[M]. 

Lemma 5.2. The operators Ti,Ei and Fi satisfy relations Q), 0) and irai/i w = i/. 

Proof. Relations ((H) are easily checked. Relation ([5]) follows from the fact that Fi (resp. £,) 
increases (resp. decreases) the dimension vector by + e CT (j). The Serre relation (|7|) for the 
operators F{ follows from Theorems 13.41 and 14.11 From Lemma 13.51 

— 1 

Since (•, -)m is non-degenerate the Serre relations for Ei follow from those for Fi. □ 

We now state the main result of this section. 

Theorem 5.3. The induction and restriction operators make M.Q a B a {Qo) v -module. 

In view of Lemma 15.21 it remains to show that relation © holds, which is equivalent to the 
following identity; all summations are over 7sos(Rcp F (Q)). 



Theorem 15.31 . For all i,j € Qo and self-dual representations N,Y, the following identity holds: 

\^ GsunGb^y lExt^S^j^S^l ^ 5s„zSs^z f . ,, n 

a s (X) \Hom{S a (j),Si)\^ a s {Z) 

lExt^N^^WExt^S^^Stfl 
'|i/ m(7V,5. i )|| J ffom(^ (i) ,5 i )- s | 



+ S itj S N! Ya(Si)as(N) , ^— ^ '- ^L__^Wl_^ (8) 



Given self-dual representations X,Y,N, let Cx(i,j', N,Y) be the set of crosses 



H 

S^X-^N < ! » 

P 1 

Y 

13 



The group Auts(X) acts on Cx(i,j;N,Y) with orbit space Cx(i,j',N,Y). Burnside's Lemma 
gives for the sum on the left-hand side of equation @ 

v ^ V .v^ V .y = ^ \Cx(i,j;N,Y)\ v v 1 

2—, n-fin 2—i nc(Y\ 2—, 2—1 



x as ^ V a s (X) x Ce c x ^ r , N ,Y) lStahAuts ^ Cy 

Similarly, for a self-dual representation Z let Dz(i,j; N, Y) denote the set of all corners 



b 

N (10) 
Si^Y - - » Z 

a n 

The group Auts(Z) acts freely on Dz(i, j; N,Y) with orbit space Dz(i, j; N,Y), so that the sum 
on the right-hand side of equation © is 

z as '( Z > z as ( Z > z 
If the morphisms a and b in the cross ([9]) determine a two dimensional isotropic subrepresen- 

tation of X, we construct a corner on Z = Xjj (Si © 5j) as follows. The map Sj >— » N is induced 
by the map -» A" with £7j = Im(a) , the map Sj »— > 1" being defined similarly. Picking an 
orthogonal E' C X for Sj © Sj , define p and 7r by the pushout diagram 

Si Sj 

Sj « E, (11) 



p 



p 



5*z > i * Ei r - ** Z 

a n 

where 7r and p are the canonical maps induced by .E, -» iV and Ej -» Y, respectively. 
Lemma 5.4. If the cross {Pp does not descend to a corner, then N ~g Y . 

Proof. A cross fails to descend if and only if a © b does not determine a two dimensional isotropic 
subrepresentation of X, which can happen in precisely two ways. The first is if Im(a) = Im(fe), 
in which case clearly N ~§ Y. The second is if Im(a © 6) is a non-degenerate subrepresentation, 
necessarily isometric to H(Si). In this case X ~ s H(Si) ®N~ S H(Si) © Y. Again, N ~ S Y. □ 

To prove Theorem l5.3l[ we will interpret the right-hand side of equation ([5]) in terms of crosses. 
Namely, the sum counts classes of crosses that descend, with appropriate multiplicity, while the 
two remaining terms count crosses that fail to descend for the two reasons given in Lemma 15.41 

Lemma 5.5. There are a(Sj)as(N) crosses in Cx{i, j] N,Y) in which the images of a and b are 
not orthogonal. 

Proof. Let C G C x {i,j;N,N) with Im(a © b) non-degenerate, so that X ~ s H(Si) © N. Acting 
by Auts(H(Si)) c Auts(X) we may take a to be the standard inclusion and b a scalar multiple 
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of the standard inclusion, leaving Aut(Sj) worth of choices for b. Acting by Auts(N) C Auts(X) 
we may take ir to be the projection onto N, leaving Auts(N) choices for p. □ 



Proposition 5.6. Let C € C x {i,j;X,N). 

(1) If C descends to a corner, then StabAut s (x)(C) — Ham(S a u), Sj). 

(2) If the images of a and b are not orthogonal, then Stab^ uts ^x)(C) = {1}. 

Proof. We make two preliminary observations. Suppose <f> € Auts(X) fixes (i?,; a,l,k,ir) € G_ s . N - 
Then there exists r E Aut(Ei) such that 

rl = Z, 7rr _1 = 7T, fcr -1 = 0fc. 

i w 

The first two equations state that r stabilizes 5$ >— > J3j -» A and hence is uniquely determined by 
an element of Hom(N , Si). The third equation states that Ei is ^-stable and 4>\Ei = r i so that 
(^l^i is also determined by Hom(N, Si). 

k S(o)V 

If moreover q>t Ei — 1^, then also stabilizes Ei ^ N -» S(Si) and is uniquely determined 
by an element of Hom(S(Si), Si)~ s 

We prove the first statement; the second is similar. Let <fi € Stabji uts ^x)(C) and suppose that 
C descends to a corner. The restrictions of <fi to and £"j are determined uniquely by elements 
of Hom(N, Si) and Hom{Y, Sj), respectively. As Im(a) n Im(6) = 0, the restriction of (f> to 
EidEj is the identity and <j> is determined uniquely by an element of Hom(S(Si(B Sj), Si®Sj)~ s . 
Compatibility with the restrictions to Ei and Ej requires that the summands Hom(S(Si), Si) 
and Hom{S{Sj), Sj) do not contribute to <f>, leaving only a factor determined by Hom(S <T u\, Sj). 
Conversely, any such element gives rise to an isometry of X stabilizing C. □ 

We need a final result before proving Theorem 1 5. 31 1 

Proposition 5.7. There are \Ext (S a u\,Sj)\ elements of \_\ x Cx(i,j',N,Y) that descend to each 
Ve\J z D z (i,j;N,Y). 

Proof. The first part of the proof is as in [5]. To avoid clutter write U = Si and V — Sj. Start 
with the corner (TIT))) . Let E' be the pullback of 7r and p in diagram ifTTj) and let £ € Ext 1 (N, U) 
map to (a',7r') € Ex^iEy, U) in the long exact sequence 

->■ J ffom(S'(V r ), 17) Hojn{N, U) Hom{E v , U) 

£art 1 (S , (V),?7) Ext 1 (N, U) ->■ Exb l {E v ,U) ->■ 

The set of morphisms r making the diagram 

a' tt' - 

17 > > £' — » £V 

T k 

U > > E v -^» N 

S(b)i> N 
S(V) = S(V) 
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commute is a torsor for Hom(Ev, U). The middle row is a representative of £. The map U >— > Ejj 
is determined by commutativity. The group Aut(Ejj) acts transitively on the set of choices for n, 
with stabilizer Hom(N, U). From the long exact sequence, we find that there are 

\Ext%(S{V),U)\ 



a{EuY- 



\Hom(S(V),U)\ 

diagrams as above with central term Ejj . Because of the equivalence in the definition of self-dual 
exact sequences, we are only interested in such diagrams up to the action of Aut(Ejj). Each 
diagram has stabilizer H om(S (V) , U) under Aut(Ejj). Summing over isomorphism types of Ejj, 
we find that there are \Ext 1 (S(V), U)\ equivalence classes of diagrams, keeping the outside maps 
fixed. 

Fix a diagram as above. We show by constraining the possible structure maps that there is a 
unique way of extending this diagram to a cross inducing the original corner. Let eu £ A 1 (N, U) 
determine Ejj and let X, the central term in the cross, be determined by 

( Xl ,x 2 ) £A 1 {S{U),E U ) = A\S(U),N)®A\S(U),U). 

If the canonical bilinear form is to make X self-dual, then x\ must be the transpose of ejj. 
Moreover, the element x 2 is uniquely determined by the requirement that the canonical map 
V — >• Y be an isometry. □ 

Proof of Theorem \5.3\l Write 

C x (i, j; N, Y) = dg> (i, j; N, Y) \J (*, j; N, Y) 
where Cv\i,j', N, Y) is the set of crosses that descend to corners. By Proposition 15.61 

V \C x (i,3\N,Y)\ \ r \C%\i,r,N,Y)\ \C%\i,r,N,Y)\ 
a s (X) ^ \Hom(S ail) ,Sj)\ ^ a s (X) 

Proposition 15.71 shows 

\Hom{b a ^,Sj)\ \Hom{b a (j),bi)\ % 
The number of crosses in Cx(i, j', N,Y) that do not descend to corners because the images of a 
and b coincide is equal to J^x a (Si) a s(N)Q-g. N . Proposition 14.21 together with Lemma [5.51 and 
Proposition 15.61 then give 



2.^ / y \ = <>N,YOi,ja,{bi)as{J\ ) 



as(X) ""^ v " rsv ''\Hom(N,Si)\ \Hom{S a{i) , Si) ~ s \ 

+ SN,YSi,a(j)a{Si)a s (N) 

which completes the proof. □ 

For each integral weight A £ HomlQ^X) invariant under cr, there is a weight module of B a (g) 
characterized as follows. 

Proposition 5.8 ([6, Proposition 2.11]). There exists a B a {o) -module V^A) generated by a non- 
zero vector (f>x such that — v x ^4>\, Ei<j>\ = for all i £ I and 

{x £ Va-(X) | EiX = 0, Vi £ 1} = Q(v)<j) X . 

Moreover, V a (\) is irreducible and unique up to isomorphism. 
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The assumption of [5] that A be dominant is not used in Proposition l5.8l There is also a version 
of Proposition 15.81 for the specializations B a (g) t . The corresponding modules will be denoted by 
V a (X)t- 

A er-invariant dimension vector d G defines a cr-invariant weight A € Hom(<f>, Z) by defining 

A( ei ) = (d,*) + 

and extending linearly. This is precisely the weight with which acts on a representation of 
dimension vector d. The weight A is independent of the orientation of Q. 

Define the composition submodule Mq to be the i3 cr (cjQ) !y -submodule of Mq generated by [0], 
the class of the trivial self-dual representation. Let \ tr iv be the a- weight associated to [0] . 

Proposition 5.9. The composition submodule Mq is isomorphic to V<j{\triv)v 

Proof. Let x G Mq such that EiX = for all i G Qo- Assume that x is not a scalar multiple of 
[0]. Then x = J2ieQ FiVi f° r some iji G Mq. We have 

(X,X) M = ^2 {x,FiVi)m = y 2_l ^2 ( E i X iVi)M = °' 

However, (x, x)m ^ unless x — 0, a contradiction. Hence a; is a scalar multiple of [0], which has 
weight Xtriv From Proposition 15.81 we conclude Mq ~ V a (\t r iv)v D 

In [5] Theorem 5.12], by studying induction and restriction operators on the Grothendieck group 
of a certain category of perverse sheaves on the moduli stack of orthogonal representations of Q, 
Enomoto established an isomorphism of B <T (gQ)-modules a K(Q) ~ V a (0). This can be viewed as 
a geometric version of Theorem [23] and Proposition 15.91 for orthogonal representations. Enomoto 
also shows [S] that the simple perverse sheaves in a K(Q) give a lower global basis of V a (0); see 
also [13] for the case Q = . 

6. Self-dual representation theory of finite type quivers 

The isometry classes of self-dual representations of finite type quiver, over an algebraically 
closed field of characteristic not two, were classified in [4]. We extend this result to finite fields 
for use in Sections [7] and [5] 

Definition. If over any algebraically closed field of characteristic not two, (Q, a) has only finitely 
many isometry classes of indecomposable self-dual representations, then it is called finite type. 

For the purposes of studying Hall modules in the finite type case, it suffices to restrict attention 
to orthogonal and symplectic representations. Indeed, Hall modules arising from other choices of 
r are isomorphic to orthogonal or symplectic Hall modules. For more general quivers, this is no 
longer so. 

Finite type quivers with involution were classified in [4, Theorem 3.1]. Suppose that is 
not a disjoint union of quivers with involution; otherwise apply the arguments to each irreducible 
component. Then either (Q, a) = Q' u with Q' finite type and connected, or Q is connected. In the 
latter case, Q is of Dynkin type A with a the unique non-trivial Dynkin diagram automorphism. 

As described above, the self-dual representation theory of Q u is completely determined by the 
representation theory of Q. Hence, we focus on type A quivers. When the underlying graph of Q 
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is Ai n or A2n+i, label the nodes by — n, . . . n, omitting for A2 n , with i and i + 1 adjacent. The 
involution is given by a(i) = —i. For i < j, denote by Iij the representation with dimension vector 
£, + ••• + £j and with all intermediate structure maps the identity. Over any field, the collection 
-n<i<j<n 1S a complete set of isomorphism classes of indecomposable representations of Q. 

It will be convenient is what follows to refer to a symplectic representation of (Q,cr) simply as 
a representation of Q s <\ and so on. 

Let k be algebraically closed with charfc 7^ 2. The indecomposable self-dual fc-representations 
of Q are classified [J] as follows. If Q is A% n or A^ n + 1 then all indecomposable self-dual represen- 
tations are of the form H(Iij). If Q is A^ n or A\ n , 1; H(I-i t i) is replaced with J-^j, which now 
admits a unique self-dual structure and is indecomposable. We will denote this representation by 
Ri and call it a symmetric self-dual representation. 

In contrast to the ordinary representation theory of finite type quivers, the classification of 
self-dual indecomposables must be refined over finite fields to account for non-trivial ¥ q /¥ q -iorms. 
Let ¥ q be an algebraic closure of ¥ q . 

Lemma 6.1. A self-dual indecomposable F q -representation of A n has a non-trivial ¥ q -form if 
and only if the underlying representation is indecomposable, in which case there are precisely two 
¥ q - forms. 

Proof. Let N be a self-dual indecomposable F 9 -representation with automorphism group Auts(N). 
The first Galois cohomology set H 1 (¥ q /¥ q , Auts(N)) classifies the F 9 -forms of N; see [2~i] . 

If N ~ I(BS(I) for a non-symmetric indecomposable /, we may assume without loss of generality 
that S(I) -< / in the Auslander-Reiten order. Then Hom(I, S(I)) = and 

Aut s (N) ~ Aut(I) x> Hom{S(I),I)- s . 

Since Aut(I) ~ GLi(F g ), from 24, § 2.3 ] we conclude i3" 1 (Fq/F g , Auts(N)) = and hence there 
are no non-trivial F 9 -forms in this case. 

There are two remaining cases. If N ~ I® 2 , then Auts(N) ~ Sp2(¥ q ), which has trivial Galois 
cohomology and we again find that there are no non-trivial F 9 -forms. If instead N ~ I, then 
Aut s (N) ~ Oi(¥ q ). As i/ 1 (F ? /F g ,Oi(F g )) ~ Z 2 , there is a unique non-trivial F g -form in this 
case. □ 

We will say that Q 3 has no forms as an abbreviation for the statement that the self-dual 
representations of Q B have no non-trivial F g -forms. 

Lemma 6.2. Indecomposable self-dual ¥ ^representations of type A quivers are absolutely inde- 
composable. 

Proof. We prove the statement for orthogonal representations; the symplectic case is analogous. 
The representation underlying an indecomposable orthogonal representation is either indecompos- 
able or of the form I © S(I) for some indecomposable /. This is proved in [4j Proposition 2.7]; 
the authors work over an algebraically closed field but this statement and its proof hold for finite 
fields as well. 
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Given this, let N be an indecomposable orthogonal F 9 -representation with N (&w q F g decom- 
posable as an orthogonal representation. The underlying representation of N is then also decom- 
posable, so that N I © S(I) for some indecomposable I. This implies that both I <E>w q F g and 
S(I) <E>r q F g admit orthogonal structures. Since indecomposables of A 2n do not admit orthogonal 
structures, we are done in this case. When Q — A2 n +i only F 9 -indecomposables with I ~ S(I) 
admit an orthogonal structure, and this structure is unique. The isometry group of N ®f„ F g is 
2 (¥ q ) and we have H x (f 9 /F g , 2 (¥ q )) ~ Z 2 . But the two distinct F^-forms of (I ® 5(7)) ® Fg F g 
are given by orthogonal direct sums of the F g -forms of I <Eir q F g and 5(7) <E>r q ¥ q and so are 
both decomposable. This contradicts the supposed indecomposability of N and completes the 
proof. □ 

We can now extend [H Proposition 3.6] to finite fields. 

Proposition 6.3. (1) The indecomposable ¥ q -representations of A^ l+1 are in bijection with the 
positive roots of the root system C n +i. 

(2) The indecomposable ¥ q -representations of-A^n+l are * n bijection with the positive roots of the 
root system B n+ i together with a sign labeling each short root. 

Proof. By Lemmas 16.11 and 16.21 the classifications of symplectic indecomposables over ¥ q and ¥ q 
coincide. Hence the first statement follows from 0]. 

Again by 0], the indecomposable F g -representations of A° 2n +\ arc in bijection with the positive 
roots of B n+ \. By Lemma 16.11 to extend this bijection to F g -representations the simple roots, 
which correspond to the symmetric orthogonal representations, must be decorated with a sign 
labeling a class in H l (W q /¥ q , Oi(F,)) ~ Z 2 . □ 

There is also a version of Proposition ^. 3l for A 2n , proved in the same way, using [U Proposition 
3.8]. However, in this case the set of self-dual indecomposable F g -representations does not appear 
to have a root space interpretation. 

Suppose N is a self-dual representation with underlying representation I®™. Given u € Ni, 
let u £ N-i be the unique element that maps to u under the structure maps of N; in general a 
number of structure maps must be inverted. Then Bn(u, v!) = (u, v!) defines an orthogonal form 
on Ni when Q 3 has forms and a symplectic form otherwise. 

Definition. Let R® m ' c be a self-dual representation with underlying representation isomorphic to 
I—ii an d with associated bilinear form B of type c G W. 

When Q B has no forms, W = and we omit c from the notation. Otherwise, Rf m,c is defined 
up to isometry. We call c a Witt label. It will be convenient to fix 8 € F g \F^ and identify x\ € W 
with leF, and x{ G W with 6. 

Example. Let kj = ¥ q supported at the node j. For equioriented A^, we can take Rf to be 

7 1 1 7 1 7 (-!r~ lc 7 -1 7 -1 -1 7 

fc_i —>•••—> fc_2 — > fc-i > k\ — > k 2 — > ■ ■ ■ — > ki 

Similalry, for equioriented A\ n we can take R\ to be 

7 1 1 7 1 7 (- 1 ) !_lc 7 -1 7 -1 -1 7 

fc_i — > • • • — > fc_i — > fco ^ fci — > k 2 — > ■ ■ ■ — > ki 

where the orthogonal form on fco has determinant (— l)*c. <1 
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Example. /j>® 2,12 — H(I-i t i), the i th subspace of I-is C H(I-n) being a Lagrangian for B. < 

A weak version of the Krull-Schmidt theorem holds for self-dual Fg-representations. Namely, 
any self-dual representation decomposes into an orthogonal direct sum of self-dual indecompos- 
ables. However, this decomposition is not unique if Q B has forms. The Witt label of each isotypic 
component Rf m,c is determined, but the labels of the individual summands are not. In any case, 
combining this with Proposition 16.31 we find that isometry classes of representations of Q B are in 
bijection with a subset of the set of all functions 

lu : A s — > Z> x L. 

Here A5 labels the set of self-dual indecomposable F 9 -representations of Q. When Q B has no 
forms we take L = {0}, there are no extra conditions on lu and the ambiguity in the Krull- 
Schmidt theorem is not present. For example, when Q = Q' U Q' op for Q' of type ADE, then 
Ag = A + is the set of positive roots associated to Q', as follows from Gabriel's Theorem. When 
Q B has forms, take L = W and require the W-label of r € Ag to be if r has no forms and to 
be of appropriate dimension otherwise. Addition of functions, using the group law in W, agrees 
with orthogonal direct sum of representations. Note that this correspondence is independent of 
the finite field, although representatives of the functions lu are not. 

7. Finite type Hall modules 

When Q is finite type is the embedding U^(qq) <—> Hq of Theorem 14.11 an isomorphism. For 
all other Q the Hall algebra is much larger and lacks an explicit description. With this in mind, 
in this section we restrict attention to Hall modules of finite type quivers with involution. 

We first describe the Hall modules A4qu for arbitrary Q. Let T-L°q~ c ° p be the algebra-coalgebra 
obtained from Hq by taking the opposite multiplication and comultiplication. There are canonical 
isomorphisms Hqop ~ V.'q~ cop and Hqu ~ Hq ® 'H^ cop . 

Proposition 7.1. For arbitrary Q, A4qu ~ Hq as left Hq ® Hq P ~ cop ' -(co) modules. 

Proof. The assignment [X] n- \H(X)] extends to an i?-module isomorphism Hq A4qu. Any 
subrepresentation of H(X) is of the form U\ © SiU^) for some U\,U-2 G Rep F (Q). This subrep- 
resentation is isotropic if and only if S(U%) C S(X/U\). Summing over the possible isomorphisms 
types of X/Ui gives 

r H(x) w x p s( - ws > 

^Ux®S{U 2 ),H{Y) ~ r U u W r S(U 2 ),S(Y)- 
Welso(Q) 

Exactness of S implies Fs(U2) S(Y) = ^y V u 2 > f rom which we obtain 

r H(x) _ sr^ p x P w / 19 \ 

Welso(Q) 

In the untwisted case, equation (|12p shows that @Ui®s(u 2 > h(y) IS ^ ne coefficient of [X] in 
[/7i][F][t/2], all multiplication being in Hq. This proves Mqu ~ Hq as HqG^H'q -modules. Using 

Aut{Ui © S(U 2 )) ^ Aut{Ui) x Aut(Z7 2 ), Aut s (H(X)) ~ Aut(A), 

a similar argument establishes the isomorphism of comodules. 
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If Hq is twisted by a cocycle c, then the twisting cocycle of T-L°q cop is 

c op (S(ai),S(a 2 )) =c(a 2 ,ai), ai,a 2 € K(Rep ¥q {Q)). 

The twist for Mqu is £(7, a) = 0(7, where the modification £ is given by £(ai + S(a2)) = 

c(a2, a\). The argument now proceeds as in the untwisted case. □ 

Next, we describe finite type Hall modules when there are no forms. 

Theorem 7.2. // (Q, a) is finite type and Q B has no forms, then Mq is generated by [0] and 

■Mq — V a (\triv)v 

Proof. That A4q>u is generated by [0] follows at once from Proposition 17.11 Note that this does 
not require Q' to be finite type. 

For A^ n and ^n+ii au self-dual representations are hyperbolic. Let M — H(U). Writing U as 
a direct sum of indecomposables, we have 

I 

M-sQHilif™' 
1=1 

for positive integers Wj and indecomposables Ii such that It 9^ Ij and Ii 9^ S(Ij) for i 7^ j. 
Relabeling if necessary, we may suppose S(I{) ^ Ii ~< Ii+i -< ■■■ -< It, i = in the 

Auslander-Reiten order. This implies Ext 1 (S(Ii), Ij) = for all i < j, which by duality gives 
Ext^Silj), h) = for all i > j. Hence Ext 1 {S{U), U) = and we find 

[U]*[0] = ^G^[H(U)]. 

As is always non-zero, it follows that Mq is generated [0]. 

When Q is finite type the Hall algebra is generated by simple representations. From this and 
Proposition 15.91 we conclude Mq ~ V a (Xtriv)v D 

Remark 7.1. The proof of Theorem 17.21 shows that when Q is finite type Mq contains all 
hyperbolic representations. 

In the presence of forms Mq is no longer cyclic. For this follows at once from the fact 

that its Witt group is isomorphic to the classical Witt group. While the Witt group of A^ n is 
trivial, all self-dual representations being metabolic, M s j£ 2 is also not cyclic. For example 
contains [Ri] + [R[] but neither [Rf] nor [R,^]. 

Consider first M*£ 3n - Let Wi = {i^^}c>V and let W| be its i-fold product. Set z = [0]. 
For each 1 < i < n define 

where R- = ©}=i R C j and a £ = EL odd c h w hh xf being identified with ±1 e Z. Let A* p be the 
a- weight of the dimension vector of Zi . Explicitly, A* p = and 

Xf = -e^ (i+ i) - i = 0...,n-l 

where e( is dual to the dimension vector 6j. 
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Proposition 7.3. If Q is equioriented Am? then there is an inclusion of B a (sl2n+l)u -modules 

n 

0F CT (Af),cK 



"trVH lv ^- J" 

i=0 

Proof. For j > we have 



w-sj^ if 77 (-l)=-l (13) 

Here ^(s^) = irj and 77 : F 9 — > Z is the quadratic character. That Q is equioriented implies i?- 
contains at most one (necessarily isotropic) subrepresentation isomorphic to Sj if 1 < j < i and 
none otherwise. Using this and equation (|13p . it is straightforward to verify that the choice of 
coefficients a £ in Zi ensures EjZi = for all j € Qo- The method of proof of Proposition 15.91 can 
now be used to verify that the subrepresentation generated by Zi is isomorphic to V^A^),,. □ 

The situation for Q = A% n+1 requires a slight refinement. For b £ W, let G b — {c <G 
I Ej=o c 3 = b }- For each < i < n, this defines a partition \J beW G b = Wj +1 . Put 

c£G b 

i?- = 0j =o an( l fl c = Iljodd c r Let ^1 ^ e tne ^-weight of the dimension vector z\ and A"_ 
the cr- weight of 2eo- Explicitly, 

If n = the terms involving should be omitted. 

Proposition 7.4. I/Q * s equioriented A^ n+ \, then there is an inclusion of B CJ {s\.2n+2)v -modules 

V a (0) v © V a {X°_) v e V CT (A-)® 2 c A^q 

Proof. The submodule V^(0)„ is the composition submodule in Proposition [521 while V CT {X°_) V is 
generated by the class of the two dimensional orthogonal space of Witt index zero. The remaining 
summands are generated by z\\ there are two of each since A° does not depend on b. The rest of 
the proof mirrors that of Proposition [7T3] □ 

The irreducible submodule of M\ 2 1 generated by z\ belongs to the submodule of represen- 
tations with Witt label ^T c i € W. Roughly speaking, the submodules in Proposition 17.41 
are spread evenly among the four submodules of M.\ 2 +i indexed by the Witt group of A\ n . 

A proof of the following conjecture would complete the description of Hall modules of finite 
self-dual type quivers. 

Conjecture 7.5. The inclusions in Propositions \ 7. 3\ and \7.4\ are equalities and hold for all a- 
compatible orientations. 

8. Self-dual Hall polynomials 

In this section we prove existence of self-dual Hall polynomials for equioriented type A quivers 
without forms. The situation is more complicated when forms are present; we prove that self-dual 
Hall polynomials exist only once the residue of q modulo four is fixed. This provides a first step 
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to constructing generic finite type Hall modules and hence to quantizing the B cr (rjQ) t/ -modulcs 
obtained in Section [7] 

Definition. Fix a : A + — > Z>o and lj, \ '■ ^>o x L. A polynomial G Q[q] satisfying 

„w („\ — r<N(u>) 

for all odd prime powers q, the representations on the right-hand side being defined over ¥ q , is 
called a self- dual Hall polynomial. 

If instead there exists a pair of polynomials {<?q. x , 9^, x } specializing to the appropriate self-dual 
Hall numbers for q fixed residue modulo 4, we refer to the pair as self-dual Hall semi-polynomials. 

Example. When Q = A\, orthogonal and symplectic Hall polynomials are equal to the polyno- 
mials counting the number of F 9 -rational points of isotropic Grassmannians. < 

Example. Symplectic Hall polynomials do not exist for equioriented A* 4 P , since for example 

g r+ _ / 1 1 ._ / 1, »?(-!) = 1 



s 2 ,Rt \ J ' \ 0, r?(-l) = -1 

The notation {•} is a short hand for the rightmost expression. We will see below that Hall semi- 

R + R + 

polynomials exist. In this example, o 2 _+ =1 and g „ 2 D+ = 0. < 

We make a general conjecture regarding existence of self-dual Hall semi-polynomials. 
Conjecture 8.1. Let (Q,cr) be finite type. 

(1) If Q a has no forms, then self-dual Hall polynomials exist and have coefficients in Z. 

(2) If Q 3 has forms, then self-dual Hall semi-polynomials exist and have coefficients in Z[^]. 



The existence of Hall polynomials and equation (jl2j) immediately give the following. 

Proposition 8.2. Conjecture \8.1\ holds for finite type disjoint union quivers with involution. 

Hence, we can restrict attention to type A quivers. We first reduce Conjecture 18. II to the case 
when a is a simple representation. Let R be Z or Z[^], as in Conjecture 18.11 and put for n G N 

<t - 1 



- 1 



G Z[f]. 



Proposition 8.3. Let (Q,a) be of Dynkin type A. If self- dual Hall (semi-) polynomials exist when 
a is a simple representation, then self-dual Hall (semi-) polynomials exist. 



Proof. Our proof follows the method of [2T| and ultimately relies on Theorem 13.41 and the fact 
that the Hall algebra of a finite type quiver is generated by simples. We work without twists. 
By assumption g^. M G R[q] exists for all M,N. Assuming g^d M G R[q] exists, define 

9 N S f^\M = [rfirj E4,p4 d .M e W- ( 14 ) 

Since [Si][Sf d ] = [d + l][Sf (d+1) ], equation Q implies that g% d+1) jf specializes to G* +1) 
for each odd prime power q, possibly with fixed residue in Z4. This ensures g^ d M € Q[<?]- From 

?Je«.+i) >M € R[q] ~ 1 < ; - 1 < : " A 
a direct sum of simples of a single type 



equation (JUJl, [d+ l]g^ d+1) M G R[q] which implies 5^+1) M e Hence g£ x exists if a is 



2:5 



We now proceed by induction on dim U . If U — put g^j M — 8^ { . Suppose self-dual Hall semi- 
Hall polynomials exist for representations with dimension less than dim U. Write U = 0[ =1 if m< 
with I x -< <Ii. Suppose r > 2, put U' = lf mi and U" = 0[ =2 I ffim * and dehne 



9u,m =^29u',p9u",M e R[q\- 
p 



Specializing to q, equation (JTJ) shows 



9u,m(<i) — Fu',U"Gv,M- 

Velso(Q) 

But F%, tU „ = 8% by definition of U' and U" . Hence 5$ M (q) = G% M . 

Finally, if C7 = 7® m , write dim[/ = £ iGQo <te with S* 4 -<! 5j if i < j. Then 

[c/] = [s , f Bdi ]---[^ri-Ew e ^' 

the sum being over classes of representations V, V U, with dimension vector dim U. Then 

N _ \ " N N r \ " JV - p[J 

w,m — 2-*/ 9 s s)d 1 N ■ ■■ g s S)d r M ~ 9v,M fc -^MSb 

Ni,...,N T 1 r V 

specializes at q to Gy M and completes the proof. □ 

We now move towards a proof of Conjecture |8T] when Q is an equioriented type A quiver. Fix 
i £ Qo and suppose that Nh = H(U), where 



3,i 

-(i-X)<j<i 
± 

for some non- negative integers rrij. If W C N is isomorphic to Si, then necessarily W C U. It 
follows that N//W ~s H(U/W) and we conclude 

If instead iV s = Rf m ' c , the bilinear form _Bjy induces a partition of the space of lines in iVj, 

P™- 1 ~PN t = Q U Q+U Q_. (16) 
Here Q b = e PN 4 | r](B N (£, 1)) = b}. If needed, we write to indicate the type ceWof 5jy 

Lemma 8.4. With the above notation, 

3m-2,c 



1 " ~ s \ Rf m -^- b © R\//S u ifWeQ b 



if We Q b , b = ±l. 

Proof. Recall that if =/= w 6 W, we denote by W € Ni the unique element with image w under 
the structure maps of N. If W € Qq, then (w,w) = 0. The subrepresentation (w) C R® m,c 
generated by w is then isotropic and isomorphic to I— a, and contains W by definition. Hence, 
N ~ s H((w)) © Rf m ~ 2 ' c with W C H((w)). The first statement now follows. 

Similarly, if e Q 6 , 6 = ±1, then (w) C Rf m ' c is isometric to ijj. Hence N ~s flf m_1 ' c ~ 6 eiJ$ 
with W C i?J and the second statement follows. □ 



We now combine these two cases. 
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± 

Lemma 8.5. Let N = Nh © N s as above. If W C N is not contained in N s , then 

N//W~ s N h //n(W)®N s , 
where tt : N — > Nh is the canonical projection. 

Proof. Let O^ioe W. By assumption, there exist a.j € ¥ q such that w — F + ^\ ctjFj where 
F € (Nh), and Fj is a basis vector for the j th factor of Ri. Pick £ G S(U)-i C iVfc with (£, F) = 1. 
Then the vectors 

fj = £y — ajE, j = 1, . . . , m 
pair trivially with to and generate a non-degenerate subrepresentation (u) of N isometric to Ns- 
Indeed, the dimension vectors of both representations agree and the representations determine 
isometric bilinear forms on N since Vj and Ej have the same eventual image in 2Vj. This gives 
an orthogonal decomposition N = (v) (v) 1 - with 14^ C (v)- 1 . Applying Krull-Schmidt gives 
(v) 1 - ~5 Nh- Under these isomorphisms W C N corresponds to ir(W) C Nh- □ 

Theorem 8.6. Coniecture \8.1\ holds for equioriented type A quivers. 

Proof. By Proposition 18 . 31 it suffices to show that self-dual Hall semi-polynomials exist for the 
action of simple representations. An arbitrary self-dual representation N can be written uniquely 
as N = Nh © N s © N', with Nh, N s as above and N' a non-degenerate summand that does not 
contain Si as an isotropic subrepresentation. The summand N' has no effect on the computation 
of self-dual Hall numbers for the action of Si. We can thus safely assume that N' — in what 
follows. 

Lemma 18.51 and equation (fT5j) give 

n H(U)®N s _ r ,m P U 
U S l ,H{V)®N s - 1 r S^V- 

The existence of Hall polynomials implies that these numbers are polynomial in q with integer 
coefficients. Again by Lemma 15751 

r ,H(U)(BN s _ n N B /-, 7 \ 

^Si,H(U)<SP ~ ^Si,P> \ LI ) 

so that we must show that G^ s P has the desired polynomial behaviour. Denote by \Q^\ the 
cardinality of the set Q\. Identify xf € W with ±1 £ Z and write c for <p(c). Using [12j Theorems 
6.24, 6.27], we compute 

[m — 1] , if m is odd 

1] + cq~5~ , if m is even 

if m is odd 
if m is even 

which is polynomial in q with integer coefficients. In the case that Q B has no forms, the sets Q± 
are empty and the proof is complete. Otherwise, it remains to deal with Hall numbers counting 
quotients of the second type in Lemma 18.41 When m is odd, we find 

G R? m - c r mi \ G *r c = f o 

25 




and 



G «r- = f iq§i \ G R? m " f o 



- 1 ,a; 



S^Rf" ~'~ 2 ©if^ I J ' Si,Flf m 1,X2 ffifif.! I 



In these calculations we have used equation (TlU]) to determine the dependence of the Hall numbers 
on rj(— 1). From these expressions it is obvious that once the residue of q modulo four is fixed, 
these self-dual Hall numbers (TIT)) are polynomial in q with coefficients in 

When m is even, \Q± \ is independent of ±. Hence the self-dual Hall numbers ([T7| for m even 
are polynomial in q with coefficients in with no condition on the residue of q. For example, 

This completes the proof. □ 

The subsets Q± cause both the splitting of self-dual polynomials into semi-polynomials and the 
non-integrality of the coefficients. However, \Q + U Q_| is polynomial in q with integer coefficients. 
Indeed, this must be the case as Q+ U <2_ is a scheme (unlike Q±), so if it has a counting 
polynomial it must have integral coefficients [TS]. Hall polynomials with non- integral coefficients 
were observed in a different context in |10j . 

Remark 8.1. We have seen that self-dual Hall polynomials exist for A\ and, in the above proof, 
for A*2 ■ These cases are the exceptional: for all other Q 3 with forms it is only semi-polynomials 
that exist. 

Remark 8.2. Partial results regarding the existence of symplectic Hall polynomials for the Jordan 
quiver were obtained in |28) . who proved existence in the Lagrangian case. 

The existence [3T] of Hall polynomials « £ ^[?] f° r finite type quivers allows a direct definition 
of a generic Hall algebra 

Uq = (J) TL[v,v^ x \u a 



a:A+- 



with multiplication given by 



ft, 



7 

Theorem 14.11 is upgraded [2D] to the statement that Hq is isomorphic to Lusztig's integral form 
U^(qq)z, and in particular, Hq ®z[ v , v -i] Q(v) ~ U+(qq). The existence of a PBW basis for 
Uv(qq)z implies that the coalgebra structure constants are also specializations of universal poly- 
nomials with integer coefficients, from which it follows that Hq is a twisted bialgebra. 
When Conjecture 18.11 holds we define the generic Hall module by 

u:As-tZ> x L 

with 2iQ-module structure 

When Q B has forms there are two generic Hall modules Mq with structure constants g and g. 
To endow A4q with a comodule structure a version of Conjecture 18.11 is needed for the comodule 
structure constants. It would be nice to deduce this from a certain basis of weight modules, by 
analogy with the Hall algebra case. 
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Example. By Proposition 17.11 Mqu is well-defined when Q is finite type. Moreover, equation 
(|12[) can be used to show that the comodule structure constants are polynomial in q and hence that 
Mqu is a £? CT (0Q©0Q)-module. From Theorem 1 7. 2 1 it follows that Mq u ®y,[,. v ,-i] OM ~ V^(0). < 

Example. The simplest Dynkin example is M*l . The comodule structure constants count the 
reciprocal of the number of F g -rational points of unipotent radicals of maximal parabolic subgroups 
of the symplectic group and so are polynomial in v~ 2 . Hence M s f is a ^(s ^-module and 

M% ®z [VtV -i] Q{v) ~ Vc(Xtriv)- 

Similarly, we find M° Al ®z[^[v,v^] Q(«) - K(0) 8 K(Ai) 8 K(Ag)® 2 . < 

The next proposition shows that in an appropriate sense, the generic Hall module is insensitive 
to the splitting of self-dual Hall polynomials when Q B has forms. Recall <p € Aut(W) is defined 
by ip(x 1 ) = and ip(x 2 ) = a?2 • Extend this to an automorphism of Isos(Q s ), again denoted 
by ip. Define an i?-linear map ^ : M q — > M q by [M] t-> [ip^^(M)] where m = dimM and ["•] 
is the ceiling function. 

Theorem 8.7. If Q is an equioriented type A Dynkin quiver, the map $ : M q — > Mq is a 
'HQ-module isomorphism. 

Proof. We establish two symmetries of self-dual Hall semi-polynomials. First, we prove that 
9u m — 9uy{M)' ^ n ana l°g° us identity holds for gfj M . When U is simple, the identity is checked 
directly using the explicit self-dual Hall semi-polynomials from the proof of Theorem 18.61 The 
rest of the proof can then be carried out by induction on the Auslander-Reiten quiver, as in 
Proposition 18.31 For example, with notation as in the proof of Proposition 18.31 and assuming we 
have established the identity when U has at least two isotypic components, if U = I® m then 

N \ ~* N N r \ "" > N 

9u,m — 2—i 9 s ®d 1 ■■ ■ g s (Bd r M — 2_^i 9v,m 

Ni,...,N r 1 r V 

E-V(N) -v{N r ) _ <p(N) 

9 sf dl . v (N 1 ) ' " 9 Sf dr ,tp(M) 2^ 9 VMM) 
Ni,...,N r ' V 

_ <p(N) 
~ 9u,ip(M) 



Secondly, self-dual Hall polynomials different classes in Z4 are related by the identity gfj M 
~9~Up u (M)- This can be proved in the same was as the first identity. 

Denote the action of %q on M q by *± . Using the two identities, we compute 

N 



N 



N 
N 



□ 



We believe that Theorem l8 . 7l should hold for arbitrary cr-compatible orientations. Provided Mq 
has a comodule structure, using ag(iV) = as(<p{N)) it would follow immediately from Theorem 
8.71 that $ is a also comodule, and hence -B CT (gQ)-module isomorphism. 
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We expect that in certain cases AA q provides a sort of integral form of V^-(A). We saw above 
that Mqu is such an example. We expect that M.° A2n and M.*£ make up the remaining examples, 
although in the later case the coefficients should be Z[|]. The next result addresses part of this 
problem for equioriented A^. 

Theorem 8.8. If Q is equioriented Am, then M°q is generated by [0] as a 'Hq-module. 

Proof. This is a refined version of Theorem 17.21 since we work over Z[v, v^ 1 ]. 

Consider first an orthogonal representation H{U) with no symmetric factors. Maintaining nota- 
tion as in the proof of Theorem 1 7. 2 1 the additional hypothesis S(Ii) -< h implies Hom(U, S(U)) = 
0. There is thus a single Lagrangian embedding U <^-> H(U), showing 

[U] + [Q] =v £ W[H(U)]. 

Let V = ;>1 iff" 1 ' with mi > and set N v = H(Q) l>1 1®"')- We claim that 

[U © V] * [0] - V W® V ) [H(U) ®N V ]+A (18) 

where A is a linear combination of self-dual representations containing less indecomposable sym- 
metric summands than Ny. 

That the coefficient of \H(U) © Ny] in equation (TT51) is v £ ( u ® v ^ is equivalent to the assertion 
G{jS)V^) Nv ~ 1- We nave seen Hom(U, S(U)) — 0. Similarly, the condition S(Ii) -< U ensures 
Hom(U, Ny) = 0. Hence the canonical map U © V <—> H(U) © Ny is the unique Lagrangian 
embedding of U © V. 

The representations appearing in [U © V) * [0] arise from Ext 1 (S(U © V), U © V) s . We have 

Ext 1 {S{U ®V),U® V) s = (Ext 1 (S(V), U) © ExfiSiU), V)) s © Sar^^V), V^) s , 

the summand Ext 1 (S(U), U) s vanishing by the assumptions on U . Symmetric orthogonal repre- 
sentations arise only from the summand Ext 1 (S(V), V) s . Moreover, all elements in Ext 1 (S(V), V) s 
except Ny contain at least one non-symmetric summand. This establishes equation (j!8[) . 

An arbitrary orthogonal representation may be written as H(U) © N, where H(U) contains no 
symmetric summands and N contains only symmetric summands. To show that [H(U) © N] G 
Hq * [0] we proceed by induction on the number of indecomposable summands of N. The case 
N = was established above. If the statement holds for orthogonal representations having less 
indecomposable symmetric summands than H(U) © N, equation (|18p gives 

[H{U) © N v ] = v~ £{ - u ® v \[U ®V}* [0] — A) G 2Lq * [0] 

completing the proof. □ 

Remark 8.3. The same proof shows that for arbitrary orientation, A4° A2 is generated by [0] over 
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